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Abstract-This paper is the second part of a study of thermally-driven convection in a porous medium 
composed of very thin layers alternating with thick layers of a different material. While in the first part [Znt. J. 
Hear Mass Transfer 26,761-780 (1983)] the thin layers had very small permeability (sheets), here the effects of 
thin, highly permeable horizontal layers (cracks) are investigated. Even and odd numbers of layers are studied 
separately, with a variety of results being given for the critical Rayleigh number and the subsequent heat 
transport for slightly supercritical convection. Calculated streamline patterns indicate that local, or small- 
scale, convection is generally absent for the present problem. In the earlier paper, it was shown that a sheet 
tended to ‘close’s constant-pressure upper surface-it is found here that, conversely, a crack in contact with an 
impermeable boundary tends to ‘open’ that surface. Odd numbers of layers give either zero or two cracks in 
contact with theboundaries-inthelattercasethereisgoodconvergencetowards homogeneousanisotropyas 
the number of layers increases. The results have application to, for example, insulation problems where gaps 

can occur between successively applied layers of insulating materials. 

NOMENCLATURE 

specific heat of saturating fluid 
layer thickness 
gravitational acceleration 

min minimum value with respect to variation 
over L 

V vertical. 

thermal conductivity of saturated medium 1. INTRODUCTION 
permeability 
cell width IN SPITE of its technical importance and relevance to 

geothermal problems, thermal convection in porous 
media composed ofdiscrete layers ofdifferent materials 
with constant permeabilities has only recently been 
investigated theoretically. McKibbin and O’Sullivan 
Cl] developed a method for treating an arbitrary 
number of layers and solved the onset problem for two 
and three layers. In afollowingpaper [2], they extended 
the analysis to estimate the heat transfer for slightly 
supercritical convection. Masuoka et al. [3] had earlier 
studied convection currents for the two-layer con- 
figuration. 

number of cracks 
number of layers in system 
Nusselt number 
Rayleigh number 
Rayleigh number based on vertical 
parameter K, 

temperature difference across system. 

Greek symbols 

i, p 
thermal expansion coefficient 
permeability ratios, K,/K,, K,fK, 

E, E’ layer thickness ratios, d,/(dl + d,), 

d,l(d, +d,) 

:; 

kinematic viscosity of saturating fluid 
permeability anisotropy, KJK, 

P. reference density of saturating fluid 
0 slope coefficient for Nusselt number. 

Subscripts 

C critical value 
H horizontal 
i ith layer 
thin thin layer 

A theory of thermal convection in multilayered 
porous media based on the methods of McKibbin and 
O’Sullivan [l, 21 has followed-two papers by the 
present authors have been published [4, 51, with the 
investigation centring on the case of alternating layers. 
This is of basic interest because as the number of layers 

increases, there is a convergence towards homogeneous 
anisotropy [6], i.e. the stratified medium is able to be 
modelled increasingly closely by a homogeneous layer 
with an equivalent anisotropy in permeability. 

The first paper concentrated on the case of equal 
layer thicknesses [4]. Now, as in the last study [S], the 
case where every alternate layer is very thin is 
investigated. If a very thin stratum cutting through an 
otherwise homogeneous porous material is to have any 
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effect, its permeability must be either very small (‘sheet’ 
limit) or very large (‘crack’ limit). The sheet limit of very 
small permeability was discussed in ref. [5]. Here, the 
opposite limit of thin layers with very large 
permeability is considered. The word ‘crack’ will be 
associated with this limit, because large permeability 
requires relatively large, well-connected pores. The thin 
layers might consist of fluid only, except for a skeletal 
network needed to prevent deformation of the matrix. 
As will be seen, the flow in such thin layers is almost 
horizontal (i.e. along the cracks). 

In addition, the present study has a connection with 
the general problem of thermal convection in a mixed 
configuration of both a porous medium and a 
Newtonian fluid [7, S]. Whereas it was found in the first 
part of this investigation that a sheet can close a 
permeable boundary [S], it will be shown here that a 
crack can open an impermeable surface. 

The sheet and crack limits indeed have very different 
properties. In the sheet limit there is a very strong 

preference for local convection [3], which gives nearly 
square-formed cells in the internal, more permeable 
layers. Such a layer may become locally unstable when 
the local Rayleigh number reaches a critical value 
(dependent on the geometry) somewhat below 471’. A 
sufficient condition for this local convection to begin 
was given in ref. [4, equation (6.1)]. 

By contrast, local convection generally does not 
occur in the crack limit. Consequently, this form of 
discrete layering is more reliably modelled by a 
homogeneous anisotropic analogue. It is important for 
such modelling that local convection be avoided, as it 
causes a serious breakdown of the analogue. However, 
there is one peculiar feature of the crack limit which has 
no counterpart in the anisotropic model: there is a 
strong horizontal flow in the cracks. As will be seen, this 
may cause slow convergence towards the analogue for 
the heat transport when there are any nearly immobile 
layers next to the boundaries. 

The distinction between even and odd numbers of 
layers has been of only minor interest in previous parts 

of this work [4, 51, in which only even numbers of 
layers were studied explicitly. For the crack limit, how- 
ever, the case of odd numbers of layers will also be 
investigated, as it is connected with many interesting 

effects. 
As in ref. [S], the mathematical procedure of 

McKibbin and O’Sullivan [l, 23 will be followed. A 
brief review of this procedure was given in ref. [S, 
Appendix]. 

2. FORMULATION OF THE CRACK 
LIMIT PROBLEM 

A fluid-filled horizontal slab with layering in 
permeability only is considered. The thermal conduc- 
tivity of all parts of the saturated medium k, is assumed 
constant. A general formulation for free thermally- 
driven convection in amultilayeredporousmedium [2] 
is summarized in a previous paper [S, Appendix]. As in 

ref. [S], a relative layer thickness ratio E is introduced, 
defined by 

min jd,, d2} 

‘=-d,+d, ’ (1) 

where d, and d, are the thicknesses of the alternating 
strata, numbered from the base of the system. This 
definition is convenient because the crack limit then 
always corresponds to a small value of E. 

The effective average horizontal and vertical 
permeabilities of the system of alternating layers are 

given by 

K, = 2 f$ Ki, 
i-l 

/I h 
K, = 1 I’ 1 A, 

1 i=ldKi 

where di and Ki are the thickness and permeability of 
layer i(i = 1,2,. , N), with N being the total number of 
layers making up the total thickness d. 

Now, as was pointed out previously [S], in the ‘sheet’ 
limit for an even number of layers, one sheet is without 
significance, namely the one in contact with an 
impermeable boundary. The thin layer limit case of N 
(even) layers treated there covers N - 1 (odd) layers as 
well. In the present case, however, each layer has 
considerable significance, whether as a permeable 
crack or as a thick layer of the surrounding medium. 
Consequently, all layers are now incorporated in the 

definitions of K, and K, given above. 
For an even number of layers, with thick and thin 

strata occurring in pairs throughout the system, the 
average directional permeabilities are given by 

K 

H 

= K,d, +KA 
d,+d, ’ 

(4) 

K, = 
d, +4 

d,lK, fd,lK,’ 

and are indeed independent of N, the total number of 

layers. For an odd number of layers, both K, and K, 
depend on N. Although slightly more complex than 
equations (4) and (5), the expressions are easily derived 
and will not be given here. 

The effective anisotropy of the layered system is 
measured by the parameter 5 defined by 

5 = K,/K,. (6) 

For a given configuration of layers, the criterion for 
instability of the fluid is given by the critical value Rat 
of a (scaled) Rayleigh number Ra* defined in terms of 

Kv by 

Ra* = 
p,ycaK,ATd 

4rc2vk ’ 

where AT is the overall temperature difference across 
the system, and the other parameters have their usual 
meanings and are defined in the nomenclature. For the 
critical value AT’, a periodic convection pattern of cell 
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width L begins to form. For slightly higher values of 

AlT; and thus of Ra*, the average vertical heat flux, 

measured by the Nusselt number, Nu, can be expressed 

by 

where o depends on the system configuration. The 
critical value Rar, and the corresponding value of the 
slope parameter for the heat transport u both vary with 
cell width L. RaF takes its minimum value Ru&,,~, when 
L = L, [S, Appendix]. 

Onset ofconvection and slightly supercritical flow in 

a system confined between horizontal, impermeable, 
perfectly conducting (and thus isothermal) plane 
surfaces will be studied here. Relevant results for a 
homogeneous porous medium so confined and with 
permeability anisotropy < may be found in Kvernvold 

and Tyvand [6] and are 

Ra&,,i, = :(I +<-‘/2)2, (9) 

L, = p, (10) 

(7 = 2.0. (11) 

These values will form the basis for comparison when a 
homogeneous anisotropic analogue is sought for the 

multilayered systems. 

3. CONVERGENCE TOWARDS THE 

CRACK LIMIT 

Before considering the possible use of a homo- 
geneous layer with equivalent anisotropy as an 
analoguefor thelayered system withcracks, the conver- 
gence towards the crack limit, as the more permeable 
layers become very thin, is investigated. This limit 
depends on whether the number of layers N is even or 
odd, and on which of layers 1 and 2 is a crack. Let M 
denote the number of cracks in the porous medium, 
while N is the total number of layers. Then there are 
three separate cases to consider : 

Case I : even number oflayers. One crack is in contact 
with a boundary. In this case N = 2M. 

Case II: odd number of layers, with thick layers 
at the top and bottom. No crack is in contact with 
a boundary, i.e. the cracks are internal only. Then 
N=2M+l. 

Case III: odd number of layers, with a crack in 
contact with each of the top and bottom boundaries. In 
this case, N = 2M - 1. 

The appropriate limiting values of 5 as E becomes 
small, in Table 1, are given in terms of the relative 
thickness parameter E defined in equation (1) and the 
layer permeability ratio /3 = KJK,. For convenience, 
when layer 1 is the thin more permeable layer, the 
values of E and p are written as E’ and 8’ = KJK,. 

For the study of this convergence as E --+ 0 (i.e. as 

Table 1. Limiting values of the effective permeability 
anisotropy ( = K JKV as the layer thickness ratio E becomes 

very small. N is the total number of layers 

N even N odd 

E = d,/(d, +d,) << 1 

/? = KJK, >> 1 

N-l 
I+$ 1+ ---cp 

N+l 

E’ = d,/(d, +d,) << 1 

8’ = K,JK, >> 1 

N+l 
1+&‘/r lfyyB 

min {d,, d,} + 0), the method is different to that used 
for the sheet problem [S]. There, a special sheet 
parameter was defined, and kept constant as E (and 5) 
varied. Here, E will be varied with 5 kept constant. This 
gives a simultaneous presentation of the convergence 
towards the crack and sheet limits, as E + 0 and E + 1, 
respectively. In between, E = 0.5 corresponds to the 
case of equal layer thicknesses which was studied in ref. 

c41. 
In Figs. l-4 :(a) shows the critical value Ra&,.,i, of the 

Rayleigh number, minimized over cell width ;(b) shows 

the corresponding cell width L,; and (c) shows the 
corresponding slope parameter CJ for the heat transfer, 
as defined in equation (8). These quantities are 
displayed as functions of the relative thickness E (or E’) 
for different numbers of layers. Figures 1 and 2 show 
results for even numbers of layers (case 1) with i; = 2 
and 10, respectively. Figure 3 shows results for an odd 
number of layers with the less permeable layers 
occurring at the top and the bottom (case II); in the 
limit as E + 0, no cracks are in contact with the upper 
and lower boundaries--there are internal cracks 
only-while in the limit E --+ 1, two impermeable sheets 
are in contact with the boundaries. Figure 4 shows 
results for an odd number of layers with the more 
permeablelayers at the top and the bottom (case III) ; in 
the limit E’ -+ 0, cracks are in contact with both 
boundaries, while as E’ + 1, only internal sheets are 

formed. Both sets of results in Figs. 3 and 4 are for 
<= 10. 

In Figs. l-4, the limits as E + 1 are in principle known 
from the previous study on impermeable sheets [S, Fig. 
51, because a sheet in contact with an impermeable 
boundary has negligible influence. For instance, the 
limits as E + 1 for the lowest values of N in Figs. l-3 are 

(Ra: mint L,, 0) = (<_I, 1, 2). (12) 

That there is no unique value of& which gives optimal 
convergence towards anisotropy is clearly shown by 
Figs. l-4. (The results for homogeneous anisotropy are 
included as broken lines in these figures--these are 
straight lines because 5 is constant.) For instance, with 
5 = 2 and N even, minimal deviations from the results 
for homogeneous anisotropy for Ra&,,i,, L, and CT 
appear to take place for E r 0.73, E + 0 and E -+ 1, 
respectively (see Fig. 1). This means that the 
homogeneous analogueis favourable for the crack limit 
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Homogeneous 

06 

(a) 
04 

0 05 I 
c 

(b) 

Cc) 

6 0’5 

c 

FIG. 1. Variation of critical Rayleigh number Rar_,,n, cell width L, and corresponding values of the Nusselt 
number slope parameter CJ, with the layer thickness ratio E = d,/(d, +d,), for a system composed of an even 

number of layers, N, for permeability anisotropy C: = 2: (a) Ra&,,,, vs 6; (b) L, vs c;(c) 0 vs c. 

only in estimating the cell width for the convection 
patterns. However, for 5 = lO(Fig. 2) the optimal value 
for cell width estimation has changed to approximately 
& = 0.1. 

For a given value of effective anisotropy 5, local 
convection never occurs in the crack limit E + 0; it is a 
case, then, for which the anisotropic analogue may be 
reasonably applied. However, for larger values of E, 
Figs. 24 show dramatic examples of local convection. 
There are discontinuities in the curves for L, and 0 and 
in the slope of the curves for Ru&,,~,, with large-scale 

convection to the left and local convection to the right 
of each discontinuity. As 5 increases, the number of 
layers for which local convection can occur increases, 
and the values of a corresponding to the discontinuities 
decrease. So, although there is no local convection in 
the crack limit E -P 0, it may occur quite close to this 
limit (i.e. for small E) when 5 is sufficiently large. This 
means that, when the crack limit is investigated, E must 
be carefully chosen to be small enough so that local 
convection is avoided-such a choice is far more 
important here than in the study of the sheet limit [S]. 
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05 IO 

Homogeneous 

Homogeneous 

FIG. 2. Variation of Ru&,,~,, L, and corresponding values of 0 with E, for N even and 5 = 10: (a) Rc&,~, vs E; 
(b)L,vsE;(c)uvs&. 

Now, local convection must be preferred when the 
local, or layer, Rayleigh number Ra,,, for the thin 
stratum, defined by 

exceeds 4,~’ before large-scale convection begins. (As 
pointed out in ref. [4], the value 4x2 is an upper limit ; 
the destabilizing effect of bounding interfaces which are 
not isothermal or impermeable lowers this value.) This 
gives a sufficient condition for local convection, in 

1011 

terms of previously defined values and for small E, as 

follows : 

RaZ min 
N2 1 

> - ___ 
4 Et<-1) 

for case I, 

N2-1 1 
W, min > 4 m for cases II and III. 

These are sufficient conditions only; local convection 

may occur outside these ranges. As will be shown in 
Figs. 12-14(a), Rarmin is always larger than 0.25; 
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(0) 
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FIG. 3. Variation of Ru,*,,,~,,, L, and corresponding values of o with F, for an odd number of layers N with less 
permeable layers on the bottom and top, and 5 = 10 : (a) Raz,,i, vs E ; (b) L, vs 8; (c) CJ vs E. 

accordingly even weaker sufficient conditions may be Local convection is not relevant in the crack limit 

obtained from the above by replacing RaXmin by 0.25, E -+ 0, so solutions for such convection are not sought. 

to obtain, in rearranged form Representative mathematical solutions for large-scale 

N2 
convection when E is small, but finite, are found below. 

E > 5-1 for case I, When inequality (14) is satisfied, for large values of 5, 
local convection may occur. However, since Figs. 14 

(14) indicate that, for a given value of <, a small but finite 
N2-1 

&‘g_l 
for cases II and III. 

value of E provides a good approximation to the 
solutions for large-scale convection in the limit E -P 0, 
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Homogeneous 

(b) 

Homogeneous 

0' 0’5 I ‘0 

6’ 

Fro 4. Variation of&z, min, L,andcorrespondingvaluesofawithe’ = d,/(d, +d,),foranoddnumberoflayers 
N with more permeable layers on the bottom and top, and 5 = 10: (a) Ra&,,in vs s’;(b) L, vs E’; (c) d vs E’. 

such solutions are taken to be representative of the 
crack limit. ‘Local convection’ in the present context 
denotes an instability dominated by recirculation 
within single layers. In contrast to the related models 
treated before [4,5], this does not necessarily imply a 
small preferred cell width. 

Some examples of the flow patterns which occur at 
onset ofconvection in systems with thin very permeable 
layers are shown in Figs. 5-10. Streamline patterns for 
an even total number oflayers (case I), when N = 2,4,6, 
8,lO and E = 0.02 are shown in Figs. 5 and 6, for 5 = 2 
and 10, respectively. Large-scale convection is clearly 
seen in all of these cases, with almost horizontal 

displacement of the streamlines at each crack. This 
indicates strong horizontal flows in the cracks, 
particularly in the thin permeable stratum next to the 
boundary. 

Examples of streamline patterns for case II, where 
there is an odd number of layers, but the cracks are 
internal only, are shown in Figs. 7 and 8. These 
configurations are symmetric with respect to top and 
bottom. For only one internal crack (N = 3) with a 
relative thickness E = 0.01, Fig. 7 shows the effect of 
increasing <. As the permeability of the crack becomes 
larger relative to the outside layers, the flow becomes 
‘local’in the sense that it is concentrated near the more 
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FIG. 5. Streamlines at onset ofconvection for an even number of layers N = 2,4,6,8,10 (1,2,3,4,5 cracks) when 
E = 0.02 and 5 = 2. 

permeable middle layer. Nevertheless, even up to 
5 = 1000, the cell width still corresponds to a ‘large- 
scale’ type of convection. (The streamlines correspond 
to divisions of $,,J6-for < = 100, for example, 
approximately half the flow is circulating through the 
less permeable layers.) For large numbers of layers, 
shown in Fig. 8 where 5 = 10, E = 0.01 and N = 5, I, 9, 
11 (2, 3,4, 5 internal cracks) only the two outside less 
permeable layers tend to become inert, with large-scale 
convection in the rest of the system. Although the heat 
transport is reduced due to these less active layers, as N 
increases they become thinner relative to the total 
thickness and have less effect on the heat transport--a 
therefore increases with N, as is seen in Fig. 3(c). 

When there are cracks next to both boundaries (case 
III), it is expected that there will be strong horizontal 

Row in both of these thin layers. That this is indeed so 
may be seen in Figs. 9 and 10. When there are no 
internal cracks, i.e. N = 3, as shown in Fig. 9, most of 
the fluid passes directly from the lower crack where it is 

heated, to the upper crack where it is cooled, and 
consequently the heat transport is high. The high value 
of u for < = 10 is shown in Fig. 4(c). For larger numbers 
of cracks, some examples being shown in Fig. 10 for 
N = 5,7,9 when E = 0.01 and 5 = 10 the flow patterns 
are similar, with strong horizontal flow in the cracks, 
especially those in contact with the external bound- 
aries. 

The particular case N = 2 is studied in Fig. 11. When 
5 is not much greater than 1, the streamlines meet the 
more permeable layer at sharp angles, and there is a 
strong recirculation of fluid within the less permeable 
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FIG. 6. Streamlines at onset of convection for an even number of layers N = 2, 4, 6, 8, 10 when E = 0.02 
andc=lO_ 

thick layer. However, as 5 becomes large, all the 
streamlines crossing the boundary into or out of the 
crack meet it at right angles. The interface thus behaves 
as a constant pressure surface or ‘open’top-indeed the 
streamline patterns for 5 > 10 are seen to be almost 
identical to that for a homogeneous layer with an open 
top. From McKibbin and Tyvand [4, Table 11, the 
relevant limit values are 

(RG, minr L,, a) = (0.686, 1.35, 1.95). 

It should perhaps be noted that in this limit case there is 
still some small amount of recirculation within the thick 
layer, being 6.17% of the total volume flux [9]. 

Some of the curves for the heat transport parameter 0 
in Figs. l-4, have rather complicated behaviour. It was 
found in ref. [S] that local convection patterns 
separated by one internal impermeable sheet are an 
efficient way of transporting heat. This is because the 
fluid moves in opposite directions on each side of the 
sheet. This effect, as E + 1, is seen in Figs. l-4 by the 
curves for N = 4,4,5 and 3 layers, respectively. When E 
is smaller, but local convection still persists, the heat 
transport is considerably smaller because of the 
existence of almost immobile internal layers-this is 
also evident from these curves. 

In particular, the curves for 0 are quite complex for a 

small number of layers. As may be seen from the 
streamline patterns in Figs. 410, internal cracks guide 

the flow, so that in the crack limit E --* 0, a passive layer 
may form near a boundary, impeding the heat transport 
(although, as mentioned above, this effect decreases as 
the number of layers increases and the passive layers 
become relatively thinner). This again indicates the 
local stabilizing effect of a boundary [4, p. 331]-the 
thick layer next to an impermeable surface is less active 
than the other thick internal layers, even though they all 
have the same local Rayleigh number. Conversely, a 
crack next to an impermeable boundary becomes very 
active compared to internal cracks which are near the 
middle of the layered system. 

4. RESULTS FOR THE CRACK LIMIT 

Finally, the ability of the equivalent homogeneous 

anisotropic analogue [6] to model the layered system is 
investigated. 

In Figs. 12-14, the basic results are displayed as 
functions of 4 for cases I, II and III, respectively. The 
crack limit is represented by choosing E = 0.01. In Figs. 
12-14 :(a),(b) and(c) show the critical Rayleigh number 

Ru&,~,,, the corresponding cell width L, and the heat 
flux slope parameter o, respectively, with broken lines 
indicating the values for a homogeneous layer with 
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FIG. 7. Streamlines at onset of convection for a medium with 
one internal crack (N = 3) of relative thickness E = 0.01, for: 

(a)~=lO;(b)~=1OO;(c)~=1OOO. 
FIG. 8. Streamlines at onset of convection for an odd number 
of layers with 2, 3, 4, 5 internal cracks of relative thickness 

E = 0.01, for 5 = IO. 
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a) 

i 

FIG. 1 I. Onset of convection for the case N = 2, with one crack of relative thickness E = 0.01 next to a 
boundary. Streamlines are shown for: (a) 5 = 1; (b) 5 = 2; (c) 5 = 5; (d) i: = 10; (e) r = 20; (f) r = 1 with 

constant pressure (open) top boundary condition. 

equivalent anisotropy, calculated from equations 

Will). 
The only case which shows a definite breakdown of 

the crack limit approximation is for N = 3 in Fig. 13 

(case II). In condition (13), Ra&,,i, may be replaced by 1 
because one central crack does not influence large-scale 
convection due to symmetry. Accordingly E should not 
be greater than 2/([ - 1) to represent the crack limit. So 
for E = 0.01, a breakdown of the approximation might 
be expected as 5 approaches about 200, and this is 
indeed what happens. It is seen most clearly in Fig. 13(c) 
where o begins to decrease drastically from the constant 
crack limit value of 2. The streamline patterns in Fig. 7 
show how the convective flow tends to become local- 
ized near the crack as 5 becomes large. All other results 
in Figs. 12-14 appear to give satisfactory represen- 
tations for large-scale convection for the limit E -+ 0. 

In Fig. 12, results for N even (case I) are displayed. 
There is a gradual convergence towards the 
homogeneous anisotropic analogue as N increases. 
The convergence is relatively slow because there is a 
thick layer near one boundary. In this thick layer the 
flow is very weak except in the cases where N = 2 and 4 
with 5 small. 

Figure 13 shows results for case II, where only 
internal cracks occur. In the crack limit, the centremost 
crack should have no effect at all, due to symmetry. This 
is observed from the curves for N = 3, except, as 
pointed out above, when 5 becomes too large to be 
compatible with the choice of E. For N > 3, the thick 
layers near the boundaries(Fig. 8) tend to insulate and 0 
is always relatively small. However, for a given number 
ofcracks and 5 large, the heat transport rate is smaller in 
case I than in case IT. Thin menm thnt mw thirk lawr in 
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E 

FIG. 14. Variation of Ra* _+ L, and corresponding values of o with 5 for an odd number oflayers with cracks at 
each boundary, when I-: = 0.01. Values are given for N = 3,5,7,9 and the homogeneous system :(a) Raz, “,,” vs 5 ; 

(b)L,vst;(c)uvs5. 

contact with the boundaries insulates better than two. 
Apart from this, the convergence towards anisotropy is 
similar in cases I and II (Figs. 12 and 13). 

Figure 14 shows that case III has some new 
properties. When a crack is in contact with each 
boundary, the flow penetrates all of the layers (see 
streamline patterns in Figs. 9 and 10). This may give a 
better convergence towards the homogeneous ana- 
logue than for cases I and II where there is only weak 
flow in the thick layer(s) near the boundaries. From Fig. 
14(a) it is observed that, for all values of N, the crack 
configuration is less stable than the homogeneous limit 
when 5 < 3. This is opposite to the tendency for cases 
I and II (with the exception N = 2, t < 2 for case I). 
When 5 > 10, cracks give a more stable configuration, 
although only slightly more so, than the homogeneous 
case. 

From Nield [lo], it is known that convection 

starts at zero Rayleigh number for zero wave- 
number in an isotropic medium with two open 

(constant-pressure) boundaries. It is therefore not 
surprising that a low critical Rayleigh number and a 
tendency towards large cell widths is found in case III, 
since as 5 becomes large, the outermost cracks tend to 
open the boundaries. Figure 14(b) shows that the 
critical cell width is always larger than that for homo- 
geneous anisotropy. This is opposite to the trend for 
cases I and II. 

The heat transport in case III is much larger than for 
the previous cases [see Fig. 14(c)], but not always larger 
than the homogeneous value v = 2. The CJ curves are 
grouped in pairs of N-values, (3, 5) and (7, 9). This is 
related to the fact that a crack in the middle of the 
porous medium has a negligible effect on this symmetric 
configuration (compare streamline patterns in Figs. 9 
and 10). 
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(a) 
0 02, 

N = IO, sheet 

(b) 
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\... 
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F 

FIG. 15. Variation of Ra&,,i., L, and corresponding values of D with t for N = 2, 10 and the homogeneous 
system. Curves are given for the sheet limit and the crack limit (in both cases thicknesses I: = 0.01 are used). for 

equal layer thicknesses (E = 0.5) and for the homogeneous anisotropic analogue. 

5. SUMMARY AND CONCLUSIONS 

The present paper together with the two previous 
studies by the present authors [4, 51 of convection in 
layered porous media form a comprehensive set of 
information. Figure 15 is an attempt to synthesize some 
of this. It is an explicit comparison between the cases 
of equal layer thicknesses [4], the sheet limit [S], 
the present crack limit and the homogeneous aniso- 

tropicanalogue.C‘urves for N = Zand IOaredisplayed. 

Not surprisingly, Fig. 15(a) shows that equal layer 
thicknesses give a critical Rayleigh number that usually 
lies between those for the sheet and crack limits. For 
N = 10 when the convection is of the large-scale type, 
a similar conclusion applies to the cell width, shown in 

Fig. 15(b). For the heat transport parameter, however, 
the situation is more complicated. 

In the sheet limit [S], the effect ofa thin layer was only 

to give rc+zction of the streamlines. This is caused by a 
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discontinuity in the horizontal velocity, due to the 
pressure drop required to pass through a sheet. In the 
present crack limit, the effect of a thin layer is a 
horizon& displacement of each streamline, with no 
pressure drop across a crack. From the streamline 
figures, it is seen that there is no refraction between 
meeting streamlines on each side of a crack. However, 
these neighbouring streamlines usually do not conduct 
the same fluid particles. The only exception is a crack in 

the middle of a symmetric configuration, such a cra& 
having no effect at all. 

In ref. [S], two different kinematic boundary 
conditions were applied at the upper surface: 
impermeable (closed top) and constant pressure (open 
top). It was found that a sheet is able to ‘close’ an open 
top. Here the opposite effect is found : a crack is able to 
‘open’ a closed top. 

Using the convention of this study, the critical 
Rayleigh number for a homogeneous isotropic medium 
(5 = 1) with aclosed top is given by Ra:, min = 1. Results 
found here indicate that it is never possible to 
destabilize a homogeneous porous layer by more than 
75% by the introduction ofhorizontal cracks. No result 
has been found for which Ru&,,~, is below d, which is 
the limit as 5 + co, i.e. the medium is infinitely more 
permeable horizontally than vertically. 
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CONVECTION THERMIQUE DANS UN MILIEU POREUX AVEC DE CRAQUELURES 
HORIZONTALES 

RBsumkLCe texte est la seconde partie d’unettude de la convection naturelle dans un milieu poreux composC 
de tris fines couches alternant avec d’autres d’un mattriau diffkrent. Alors que dans la premitre partie [lnt. J. 
Heat Mass Transfer 26,761-780 (1983)] les couches fines sont de faibles permiabilitt, ici on ttudie les effets de 
couches horizontales fortement permbables (craquelures). Des nombres pairs et impairs de couches sont 
&tudi&s sCpartment, avec une vari&& de rbsultats donnts pour le nombre de Rayleigh critique ainsi que le 
transfert thermique correspondant g une convection lirgirement supercritique. Des configurations de lignes de 
courant calculkes indiquent que la convection locale, ou de petite &cheIle, est g&niralement absente du 
problkme ktuditt. Dans le texte p&&dent, on montrait qu’une couche tend B “fermer” une surface supkrieure B 
pression constante, alors qu’ici inversement une craquelure en contact avec une front&e impermkable tend B 
“ouvrir”cettesurface.DesnombresimpairsdecouchesdonnentsoitzBrosoitdeuxcraqueluresencontact avec 
les front&es; dans le premier cas, il y a une bonne convergence vers une anisotropie homogkne quand le 
nombre de couches augmente. Les rCsultats ont des applications, par exemple, g I’isolation quand des vides se 

produisent entre des couches contigds de mattriaux isolants. 

THERMISCHE KONVEKTION IN EINEM PORijSEN MEDIUM MIT 
HORIZONTALEN SPALTEN 

Zusammenfassung-Diese Arbeit ist der zweite Teil einer Untersuchung thermisch bedingter Konvektion in 
einem poriisen Medium, das abwechselnd aus sehr diinnen und dicken Schichten aus anderem Material 
zusammengesetzt ist. Wihrend im ersten Teil [lnt. J. Heat Mass Tram&r 26, 761-780 (1983)] die diinnen 
Schichten sehr geringe Durchkissigkeit (“Lamellen”) hatten, wird hier der EinfluB diinner, stark durchl%ssiger 
horizontaler Schichten (Spalte) untersucht. Gerade und ungerade Schichtzahlen werden getrennt behandelt, 
man erhllt eine Reihe von Ergebnissen fiir die kritische Rayleigh-Zahl und den folgenden WIrmetransport bei 
geringfiigig iiberkritischer Konvektion. Die berechneten Stromlinien-Bilder zeigen, da0 beim vorliegenden 
Problem in allgemeinen iirtliche oder kleinriumige Konvektion nicht auftritt. In der friiheren Arbeit wurde 
gezeigt, dal3 eine Lamelle eine “SchlieBungs-Tendenz” fiir eine obere GrenzflHche konstanten Drucks 
bewirkt-hier findet man gegenteilig, dal3 ein Spalt im Kontakt mit einer undurchllssigen Grenzfliche die 
Tendenz hat, diese Oberfllche zu “affnen”. Ungerade Schichtzahlen ergeben entweder null oder zwei Spalte in 
Kontakt mit den Grenzen-im letzteren Fall ergibt sich mit zunehmender Schichtzahl gute Konvergenz in 
Richtung homogener Anisotropie. Eine Anwendung der Ergebnisse ist beispielsweise bei Isolations- 
problemen zu sehen, wo Spalte zwischen nacheinander aufgebrachten Isolationsschichten auftreten kiinnen. 
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TEnJIOBA8 KOHBEKL(MR B IIOPMCTOfi CPEAE C TOPM30HTAJIbHbIMM 
TPEUHHAMM 

AHHOTBUHR--npeaCTaBneHa BTOpaS 'IaCTb HCCneLIOBaHHII TennOBOti KOHBeKUAll B nOpACTOi? C&W,e, 

cocronmeii u3 TOHKHX cnoeB MaTepuana, qepenyromaxca co cnoa~r4 npyroro MarepHana ropasno 
6onbureii TOnU,HHbI. B TO B~~MR KaK B IIepBOti 'IaCTR pa6OTbI [MeEAYHapOLlHbIfi XypHan "Tenno-n 

MacconepeHoc" 26, 761-781 (1983)] paccMaTpesanecb cnou (nnacTisHKH) ManoA TOnlURHbI c OYeHb 

He6Onb~O~~pO~~~aeMOCTb~,B~aHHO~~aCTHACCnCA~H)TCIITOHKAC rOpli3OHTanbHbleCnO~(T~UI1(HbI) 

C OYeHb BbICOKOfi npOHETIJaeMOCTb,O. PaCCMaTpHBaIOTC,I CHCTeMbI,COCTOIUWie 83 qeTHOr0 H HeVeTHOrO 

S,C,',a C,IOeB. npE, 3TOM &,MeI‘,T MeCTO pa3,WIHbIe pC3ynbTaTbI NISI KpRTWIeCKOTO qACJIa P3nCSI II NIX 

KOHBCKUAH np&, HeCKOnbKO 6onbmux WO JHa%?HUIIX. nOJIyYeHHbIe JIllHllR TOKa CBWeTenbCTBYIOT 0 

TOM, qT0 B wcne~yeh4obi cnyqae, KaK npawino, nOKa,IbHall (WI&, MCnKOMaC",Ta6Hafl) KOHBeKUAII 

OTCyTCTByeT. B rIepBOi 'IaCTH pa6OTbI 6bIno nOKa3aH0, '4TO CnOfi CTpeMHTCSI "3aKpbITb" BepXHIObO 

IIOBepXHOCTb nOCTORHHOr0 LlaBneHWI, 3fleCb Te, HaO60pOT, TpeII&iHa, KOHTaKTLipyIOLUaS C HenpOHH- 

L,aeMOiirpaHW,ei-I,CTpeMHTCfl “OTKpbITb" 3Ty IIOBepXHOCTb. npW He'(eTHOM VrtCne CnOeB C rpaH‘WaMA 

KOHTaKTH,,YIoT,,nA~BeT~~I(HbIIlnAHAO~Oii. B nepBOMCnyYai?OTMe'IaeTC~ nCp~XOflKO~HOpO,?,HOfi 
aH~3OTpOIl&,k, no Mepe yeenmemin wcna cnoeB. Pe3ynbTaTbI MOryT llCnOnb30BaTbCB, HanpaMep, B 
3anaqax, cBx3aHHbIx c npeMeHeHseM H30nswioHHbIx MaTepeanoe, Korna Bo3HkiKamT 3asopbI Memny 

nocnenoBaTenbH0 HanomembIMx cnoRMw ~30nswiH. 


